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the use of symbolic programs such as Mathematica. Section section v particularizes the results of Section 111 for two of planar anisotropic waveguides in birefringent media: one With the Optical axis rotated in the Plane of the Slab and the other in a plane perpendicular to the plane of the slab. Finally, in Section VI the described methods are tested.
struction Of explicit finite algorithms to study wave propagation IV gives the basic ideas concerning dispersion and stability.
I. INTRODUCTION HE FINITE-DIFFERENCE time-domain (FDTD)
T method has become one of the most effective tools for the numerical solution of Maxwell equations. It is based on the approximation of the derivatives by central differences and on the use of Yee's scheme to evaluate the field components [l] . The rapid growth of the literature on the subject is an indication of its general acceptance. It has been used to calculate the radar cross section (RCS) of complex objects to study the interaction of electromagnetic waves with living tissue, propagation through dispersive media, microwave circuits, antennas, propagation of solitons through nonlinear media, and dielectric optical waveguides. This wide range of applications is documented by the general references found in [2]- [30] .
The application of finite methods to the treatment of opticaldielectric waveguides, which often include anisotropic media in their composition, is one area where this method can be successfully applied. Several variant versions of FDTD have recently been proposed [lo]- [26] and the treatment of inondiagonal anisotropic media has been accomplished in different cases [4] This paper proposes a simple and systematic procedure to develop finite methods applicable to anisotropic media, particularly to optical integrated and microstrip waveguides. Section I1 shows that the classical FDTD method cannot be straightforwardly applied to analyze anisotropic media. An operational language is introduced to simplify the application of finite methods to general anisotropic media. Section I11 describes algorithms for the time advancement of the values of the field components for Yee's grid and for several of its variants. The expressions are formulated operationally, so that their computer code can be automatically generated through 
BACKGROUND
Starting from the traditional Yee algorithm, we first propose some variants that are suitable for the treatment of anisotropic media, and then we study the effects of fourth-order approximations of the derivatives.
Although the algorithms proposed herein are valid for any sort of time invariant linear anisotropic electric and/or magnetic material, for the sake of simplicity we will limit ourselves to inhomogeneous anisotropic dielectrics with dielectric tensor E .
A. Maxwell Equations for Anisotropic Media nonconductor anisotropic media is
A convenient way to express the Maxwell curl equations in where nent of (2) is is the inverse permittivity tensor E"-1. The x compo-
( 3 )
Observe that on the right-hand side of (3), three kinds of derivatives, which we call first, second, and third class derivatives, appear: Notice that in (4), the only components actually present in Yee's grid [underbraced in (4) and shown in solid lines in Fig. I ] arise from the discretization of the first class derivatives. In order to treat the remaining components of (4) (in dashed lines in Fig. l) , it is clearly necessary to extend Yee's original scheme. In this paper we discuss three possible extensions.
1) The construction of an algorithm that only requires the components of Yee's cube, through a suitable approximation of the derivatives. 2) The modification of Yee's cube with the addition of the necessary components in order to use only centered differences. 3) The distribution of the components in a different way and the use of differences as well as means. To make the process of building the finite schemes more systematic, some numerical operators will now be defined. This operational language is especially useful to implement the algorithms with symbolic calculus programs. ' Here and in the following we consider the usual explicit hme advancing scheme of Yee's algorithm, which evaluates the electric field components at The relative error ( E D ) of the centered differentiation operator and that of the centered mean operator ( E M ) , when they approximate the identity and the analytical partial derivative, respectively, may be bounded in the Taylor series expansion as where R, = A/Au is the resolution of the variable u. It can be seen that the approximation is, in both cases, of second order in Au.
The composition and linear combination of operators give rise to other operators with higher-order approximations. For instance, the Taylor series expansion of f ( u ) up to fifth order in Au/2 allows us to define the operators % , and nu, shown in (7) and (8) The FDTD method, like the extensions considered above, does not place all the field components at each node of a regular grid, but instead uses a staggered distribution of the components that allows the saving of memory and computation time. Consequently, for a given distribution of components, only the operators that use those components are compatible with that distribution. The set formed by the distribution of the field components and the compatible operators employed is called the numerical scheme of a finite method. Using the operational language described in the previous section, the extensions proposed in Section 11-A are detailed in this section.
A. Schemes that Use Yee's Distribution of the Components
The purpose of this extension is to use only the components placed at the positions of Yee's grid (Fig. 2) to approximate Maxwell's curl equations. As can be seen in (4) , the first class derivatives can be replaced by the centered differentiation operator. For the second and third class derivatives it is necessary to combine the centered mean operator with the centered differentiation operator to obtain a scheme only involving the components defined in Yee's grid. This can be carried out in the following way: 1) Second class derivatives (for instance dH,/dx in &J:
as the operator D, needs, for instance, the value H, ( P I ) (see Fig. 2 ), it can be obtained by applying the operators My and M, to average the nearest four components. So the following operators are needed
2) Third class derivatives (for instance dH,/dz in 2~~):
as D, needs, for instance, Hy(p2), it is necessary to differentiate in x and average in x and in z , so let us define At the points of Yee's grid the discretized Maxwell's curl equations become (13), shown at the bottom of the next page, and 
Observe that although this scheme only uses the components defined in Yee's cube, it treats each derivative in a different manner.
The fourth-order operators defined in (7) and (8) can alternatively be used in the above expressions in order to obtain a fourth-order approximation of the derivatives. As will then be shown, the resulting algorithm has less phase dispersion than that of the second-order approximation without additional memory requirements, and it only requires some more computation time. This is especially convenient to treat large problems.
B. Schemes that Only Us
The second extension such a way that on
derivatives. The octant of illustrated in Fig. 3 . hvwo-node grid, has a each octant, so, alth advantageous, the me does not need either addition
C. Other Schemes
The last extension is bas octant of this grid, which defined in (9) at the points
with u = {z, y, z}. In the same way the operators defined in (7) and (8) can be used to obtain a fourth-order algorithm.
Iv. NUMERICAL DISPERSION AND STABILITY
This section looks at the numerical stability conditions and dispersion characteristics. The starting point for both is the establishment of the dispersion relation from the wave equations. For this purpose let us write Ampere's law in matrix form, for anisotropic media Table I . It can be seen that the stability condition of Yee's scheme is the same as that of the condensed two-node scheme since both schemes coincide in the isotropic case. These stability conditions always provide upper bounds for the stability conditions of the general anisotropic case.
v. APPLICATION TO THE PROPAGATION OF MODES
ON SYMMETRIC SLAB OPTICAL WAVEGUIDES To study and demonstrate the performance of the previously described methods we have chosen the two examples described in [27] and [28] by Marcuse, which study the 2-D propagation of waves on planar anisotropic uniaxial waveguides. In the first case [27] the optical axis is not contained in the plane of the slab, and in the second [28] the slab is coplanar with the optical axis. Fig. 5 shows the structure of these waveguides. They are formed by three slabs of anisotropic materials. The central one (guide) has width 2d and a dielectric tensor P with the optical axis forming an angle Q: with the x axis. It is placed between two slabs (cladding) with a dielectric tensor E" ' with an optical axis parallel to that of the guide. In the first case the optical axis is rotated in the XZ plane, and in the second in the Y Z plane. This type of guide can be obtained, for instance, by the diffusion of metals into lithium niobate.
The waveguide is illuminated with a He-Ne laser with a free space wavelength A0 = 0.6328 pm (w = 2.977. raaseg., k = 9.929 pm-l) along the z axis with modes that are independent of the y coordinate.
Given the invariance of fields along the the y axis (6'/6'y = O ) , the operators needed to simulate this problem are the centered differentiation (5) and the following simplifications of (9)-( 12) More details can be found in [27] .
As a consequence of (1) and (2) are uncoupl tion, which corresponds to an ordinary mode analogous to that of isotropic materials, and the other for TM, which corresponds to an extraordinary mode.
er relates the components
&,Ex and E, by
These equations involve what we previous1 I11 can easily be particul account the operators (5), of the grids of Figs. 2 4 , 1) Yee's grid is obtain alternatives.
21n "symmetric" H y modes, "antisymmetric." The first and third grids have a density of three components per cell, whereas the second one has six components per cell.
B. Optical Axis in the Plane of the Slab
In this case the optical axis is rotated in the Y Z plane, and so the problem presents symmetry with respect to the plane 2 = 0 and the solutions can be expressed in terms of symmetric and antisymmetric Hy modes.3
The rotated dielectric tensor has the form Then, (1) and (2) are not uncoupled, and it is necessary to use the six field components together
These expressions involve first, second, and third class derivatives. The three solutions proposed in Section I11 are concretized for this case by the operators (5), (19)-(21), and a particularization of Figs. 2 4 in the following way. 1) Although there is no bi-dimensional section of Yee's cube containing the six field components, it is possible to collapse two sections in the y direction to obtain the distribution of Fig. 7(a) . The algorithm that makes use
In symmetric H y modes, H V , H , , and E, are symmetric and Ey , E,,
and H , are antisymmetric of only those components is the direct particularization of the 3-D one.
2) The condensed two-node grid places its components as illustrated in Fig. 7(b) . As opposed to the general 3-D case, no additional memory or computation time is required because only six of the components are needed in each octant. 3) Finally the bi-dimensional two-node grid is obtained by collapsing two sections of the 3-D grid, as can be seen in Fig. 7(c) . All three grids have a density of six components per cell.
VI. RESULTS
This section shows the results for the waveguides described in Section V. Given the diversity of possible schemes, the tests have been limited to those that use the same operator for all the components with comparable memory requirements. For the first case (optical axis not in the plane of the slab) results for second-and fourth-order two-node schemes are presented, for the sake of example. The second case (optical axis in the plane of the slab) has been simulated with second-and fourth order two-node and condensed two-node schemes. The theoretical values of the fields used for comparison are given in detail in [271 and 1281.
A. Optical Axis Not in the Plane of the Slab amplitudes of these modes are [27] In this case a "symmetric" Hy mode has been used. The IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUE (a) (3) Fig. 7 . Particularizations of the 3-D grids to treat bidimensional propagation in an am (a) Yee's grid (b) Condensed two-node gnd (c) Two-node gnd. performed at different resolutions. In order to make significant comparisons with respect to the isotropic case, the resolution is defined as nts of the guide been calculated and the numerical propagation constant then extracted from it (shown in Table 11 , with its relative error compared to the theoretical one).
The inclination angle of the Hy wavefront can be obtained, as is seen in (22), from arctanclp which in the theoretical case is -1.86'. The value of the numerical angle needs the numerical value of c, which is obtained from the phase difference S , in Hy by cn = S,/S,, where 6, is the horizontal separation between two points in the guide at a fixed x. The numerical inclination angle is -1.92', va'z., it has an error of 4% with respect to the theory. We have also evaluated the numerical errors both for the phase and the amplitude. The results obtained by the different schemes for the mean quadratic deviations between the theoretical and numerical amplitudes are not significant. Nevertheless, the phase error, especially in large problems solved with second order schemes, can become great enough to produce unacceptable results. Note that the choice of fourth-order methods allows the use of lower resolutions with smaller errors than higher resolutions for second-order methods. Furthermore the phase error of fourth-order algorithms increases more slowly than that of second-order ones when the resolution decreases.
B. Optical Axis in the Plane of the Slab
In this case, the fulfillment of the boundary conditions requires the mixture of ordinary and extraordinary waves. As can be seen in [28] 
The magnetic field is obtained from the electric field by
The dispersion relations for the ordinary waves in the guide and cladding are
and those of the extraordinary wave are
The four field amplitudes are obtained through the enforcement of the continuity of the tangential components in the guide-cladding boundaries. The equations thus obtained must be linearly independent so that the determinant of the coefficients is null. This results in a dispersion relation for the modes from which the roots p can be extracted.
The " m e t e r s of the guide are: 2d = 0.5 um, a = 20". The results obtain and fourth order second-order ones, or the treatment of larger in the near-fields.
[l] K. Yee, "Numencal media," IEEE Trans. He has held different teachmg posts at the University of Madnd, Umversity of Califoma, Berkeley, and Universidad de Sevilla. He has also been an Associate Professor, Universidad de Santiago de Compostela, and Professor, Umversidad de Granada. His published works are related to hybrid electronic systems, special-purpose computers, signal processing, and, currently, numerical electromagnetm.
Bernard0 Garcia Olmedo
Dr Garcia is a member of the Real Sociedad Espafiola de Fisica and the Real Academia de Ciencias of Granada.
